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Abstract. In this article, we classified the cubic differential systems with a non-degenerate monodromic
critical point and multiple line at infinity. We show that there are 5 distinct classes (respectively, 10, 6, 6) of
such systems wich have the line at infinity of multiplicity 2 (respectively, 3, 4, 5).

JEL classification: C 02
UDC: 517.2

I. Introduction
We consider diferential cubic systems of the form

t=y+ax®+exy+fyi+kx® +mxZy+pxyi+ry3=Plx,y),
v=—{(x+gx?+dxy+byZ+sx3+gx®y+nxy?+1v3)=0(x,v), gcd(P,Q)=1 1)

X = F(x,}r];—x +Q(xy

]
and the vector fields 8y assosiated to systems (1).

For (1) the origin 0(0.0) js 4 non-degenerate critical point of a center or a focus type, i.e. is
monodromic.

Denote k(x,v) =sx* + (k+qg)x*y + (m+n)x®y* + (I +pxy® +rye. If
k(x,¥) = 0, then the infinity is degenerate for (1), i.e. it consists only from critical points. In this
work we suppose that k() # 0.

Let P(x.%.2),@(x.¥.Z) are the homogenization of the polynomials P(x,¥),Q(x.y)
respectively, i.e.

Blx,v,Z) =vZ*+ (ax® + cxy + fy)Z + kx® + mxy + pxy® + ry?,

_ Qxy.Z) 5 —(xZ2® +(gx; +dxy+ by?)Z +sx* + gx?y + nxy® + Iy?),
X=P[X,F,Z] +Q[xrvrzj_ . P =0: ..
dx. Assume that the line at infinity is not full of critical

ax

and

points. We say that £ = O has multiplicity ™ * 1 if m is the greatest positive integer such that Z
divides E(X) = P-X(@) + @ - E(P). The polynomial E(X) has the form

E(X) = Co(x,¥) + €y (x,3) 24 + Ce(x,3) 2%,
where Gi(6:7),J = T8 4 polynomials in * and ¥~ If Ci(xy)=0,j= m, then ™+ 2 js the
multiplicity of the line at infinity.

I1. Cubic systems (1) with the line at infinity of multiplicity two

Theorem 1. The line at infinity Z = 0 pgs the multiplicity at least two for system (1) if and
only if one of the following five sets of conditions holds:
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n=k= m=s=p=q=0r=0; (2z1)
k=m=p=r=0; (2z2)
k=m=q=s5=0,1= nr/p; (223)
k=s =0,l=qr/mn = pqg/m; (2z4)
1 =rs/k, n =ps/k, q=ms/k. (2z5)
Proof. We have CD(:}‘-’}F) = k(I,}F]Cm_[I, Ujr where

Coy(x,¥) = (kg —ms)x* + 2(kn—p s)x®v + (3kl+ mn —pg — 3rs)x*y* +
2(lm —gr)xy® + (Ilp —nr)y*.
It is easy to show that the identity Co1 (x,¥) =0 gives us the sets of conditions (2z1)-(2z5).

I11. Cubic systems (1) with the line at infinity of multiplicity three

Remark 1. The transformation * = ¥»¥ = Xt = =t preserve the form of the system (1)
and change the coefficients in the following way: & *~ bceod, .., res.
Let £F (@ b, ¢, d, ..., 7, 5)] pe a set of conditions. Denote
{F(a.b,c.d,...,r,5)}” ={F(b,a,d,c,..,5,1)}
Theorem 2. Modulo the transformations * = ¥+¥ = %t = —t the Jine at infinity £ = ©
has the multiplicity at least three for system (1) if and only if one of the following ten sets of conditions
holds:

a:c:f:k:n]_:p:r:ﬂ: (321)
c=ag/s, f=an/s,k=l=m=p=r=0; (3z2)
a=0c=fqy/mk=l=m=p=r=s=0 (323)
a=f=k=1=n1=n=p=r=5=ﬂ,q-p_"—'ﬂ: (324)

a=gp/nc=dp/nk=0l=pm=q=0r=p"2/ns=0, (3z5)
b= fg/m,d = cq/m,g = aq/mk = 0,1 = qr/m,n = pq/m,s =0, q = 0; (326)
d = b—ma—ﬁln:qh:q:r g = E 1{= ':I ]_ - E In=—1m + q_:r p = ?na+qar 5= D
mq[‘ Ll m! r m! ”‘1: r mq r ; (327)
b=fg/mg=ag/mk=1=0n=mp=m"2/qr=s=0; (3z8)
b = fs/k,d = cs/k,g = as/k 1 =rs/kn = ps/k,q = ms/k; (329)
b _sz s+gkrs—a rs® d= s{ck3 +gk2p—a kps—ghkrs+a rs< }
= kg ¥ - k4‘ !
|_IS k* +kpse —rs3 ps 1.4 2_..3y/1.3
:E" n]:—kzs—_. HZ?, f[:“f +kp5 -rs }f{k " (3210)
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Proof. In each of the conditions {221, k(x,¥) # 0} —{225,k(x,¥) £ 0} we will solve
the identity C1(%:¥) = 0.
Conditions (2z1). Under these conditipns the qpolynomial €y (x’q-‘-"j i has the form
C,(xy) = y°[31(al — gr)x® + 2(P4alr-dir-gt )Y+ -bIr + clr - d¥ )¥']. Taking into
kixy) ==y (lx—ry) £0 dantity C1(X¥) = 0 yiald-
account that 4 , the identity “~1\.% yield:

f=br/l, a =gr/l, c =dr/]; )
d=g=1=0. ©)

Using transformations * = ¥»¥ = X%t = —t e obtain that the conditions {221, (2)}

(respectively, 1221 (3)}) are contained in (379) (respectively, in (322)).

Conditions (2z2). In this case we have k(x,y) = —x(sx® + qx?y +nxy® + Iv®) 4pqg
C,(xy)=— k(xy) [(ag— cs)x* + 2(an — fs)x*y + (3al+ en — fq)x2y® + 2clx v? + fly?].

X

The identity C,(x¥) = 0 js realisable if one of the following four sets of conditions

holds:
a=c=f=0; 4)
c=aq/s f=an/sl=0; ®)
a=0,c= fg/nl=5=0; (6)
a=f=l=n=s5=0,q+0. (7)

The conditions (4) — (7), together with (2z2), lead us to conditions (3z1)-(3z4),
respectively.

Conditions (2z3). The polynomials ¥(*:¥) and C1(x:¥) |ook as:

k(x,y) = y?(py —nx)(px+ry)/p €, (x,y) = —y*(px +ry)Cyy (x,¥)/P*
where
Cyy (%, ¥) = 2np(gp — an)x® — (cn®p + anp® — dnp” — gp® + 3an’r — 3gnpr)x°y —2r(c

11:+z;1np-dnp-g1“':)x-’-": +(fnp:- pp°. r+bnpr-cnpr+dp:r)}’3, and Cu(xy) =0 =

a=gp/nc=dp/nr=p"2/mn (8)
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b=dr/pg=n=0; 9)
a=gp/nec=dp/n,f=bp/n (10)
We have £(223),(8)} = (3z5) {(223).(9).r = 0}~ c (3z4),

((223),(9),r # 0}~ € (322), {(223),(10),1 = 0}~ < (326) gnq
{(223),(10),1 # 0}~ c (329)

Conditions (2z4). In this case we find that

k(x,y) = y(my — qx)(mx"2 + pxy + ry"2 )/m
and

Cy(x,y) = (k(x,y) Cz(x,¥))/(m"2 (my — qx) ),
where

Cy»(x,y¥) = —mg(gm —aq)x* — 2pq(gm — aq)x®y + (dm?® — gm®’p + bm"? —cm*q +
ampq — dmpq — fmg® + cpg® —

3gmqr + 3ag°r)x’y* + 2(bm® — fm*q — gm°r + amqr — dmqr + cg°r)xy® + (bm®p —
fmpq — dm*r — bmqr 4+ cmqr + fq"2r)y*

The identity C13(*:¥) = 0 gives us the following six sets of conditions:

b= fq/md=cqg/m,g=ag/mqg+0; (11)
d=cq/m+m(bm—fq)/qr.g =aq/m,p=m*/g+qr/m; (12)
b=fa/m g =aq/m,p=m*/qr =0; 13)
d=bp/r,g=bm/r.q=0; (14)
b=0,g=dm/p.g=r =0; (15)
b=d=p=g=r=0. (16)

It is easy to show that {(2z4,( + 5)} = (32/).) = 6,7.8 gpq {(224).(14)}” < (322)
{(224),(15),m = 0}~ < (3z4) {(2z4),(15),m # 0}~ < (323) {(2z4),(16)}" c (323),

Conditions (225). Under this conditions the polynomials ¥(*:¥) and C1 ﬁqﬁ’hook as:

k(x,v) = (sx+ ky)(kx® + mx?y + pxy* + r}rajf};’ C,(x,¥) = mﬂla [:x,}F)’

where
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Cya(x,v) = (gk® — ak®s + dk*s — gkms — cks® + ams*)x* + 2(dk?® + bk*s — ck*s —
gkps

—fks* + aps®)x®y + (3bk?® + dk*m — gk*p — 3fk*s + bkms — ckms + akps — dkps —
3gkrs — fms* + cps® + 3ars®)x*y* + 2(bk*m — gk”r — flkms + akrs — dkrs +
crs®)xy® + (bk*p — dk*r — fkps — bkrs + ckrs + frs®)y*.

If k(2 ¥) £ 0 and C1a (. ¥) = 0, then one of the following two sets of equalities holds:

b= fs/k,d =cs/k,g = as/k;
d={:bk2/p—fkps —bkrs+ckrs+frk?)/(k* r), (17
g=(bk®—fk?s+ ars?)/(krs), m=(k*+kps®—rs3)/(k%s). (18)

The conditions (17) and (18) toghether with (2z5) give us the conditions (3z9) and (3z10),
respectively.

IV. Cubic systems (1) with the line at infinity of multiplicity four

Theorem 3. Modulo the transformations * = ¥+¥ = %t = —t the Jine at infinity £ = © has the
multiplicity at least four for system (1) if and only if one of the following six sets of conditions holds:

H:ﬂ}c:b}f:g:k:l:ﬂl:ﬂ:p=r=5= ﬂ,q#ﬂ, (421)
H=c=f=k=1=m=n=p=r=s=0,q#ﬂ; (422)
2 2
h=22 ¢=2 £_0d=28TC 4 _l—m=n= p=r=0;
5 5 as (423)
_ m3 _m4‘+b2mq2—bfq3 _ m? k=0 1 _m_2
ﬂ'_q{bm—fq]’ €= gc(bm-fq) ' g_bm—fq’ - T g
m3+ 2bZm?qZ—23b fmq3+ f2q¢ 2m?2 m?3
d= , n=2m, p=——, r=—=, s=0;
mZq(bm—1fq) P=q qZ (474)
b=fs fk,dzgs,’k,g:as lez—zk,rz'u:{:E kz—sz};’s,r = —hf,."s, .
Elgl[:}ﬁ:'ik-ﬁﬂ%l?rss.iﬁ'g : Eﬂ?a—rﬁsz}}jﬁ%_cﬁgi:il’c@a—sﬁ +2Ts (425)
k3 (gk—as) ! kig kig
_ g*kb—zagkds+2alkts?+k*s3—agkrs*+k?rst +alrs®
€= k352 (gk—as) !
d_agk‘i‘—azk3s—k352+gzkr52—agr53—krs3 _k*+2rs3
- k3 (gk—as) PET ks
. k*+g°k’r—3agkrs+k’rs+2a?rs® | rs  2k*+4rs?
- kZ(gk—as) Tx TTTE (4z6)
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V. Cubic systems (1) with the line at infinity of multiplicity five

Theorem 4. In the class of cubic systems of the form (1) the maximal multiplicity of the line at infinity
Z = 0 js 5. Modulo the transformations ¥ = ¥.¥ = %t = =t the Jine £ = 0 has the multiplicity

five for (1) if and only if one of the following six sets of conditions holds:

a=0, b=0, ¢=0, f=0, g=0, k=0, [=0,
m=0, n=0, p=0, r=0, 5=0, q=0;

b=0, ¢=0, d=2a, f=0, k=0, =0, m=0,

b_ k.l C kﬁ' ¥ = kz f f_—ﬂ._l gz?_l M= . ,
k2252 Kkl k2 —252 2k2 _g2 k2
==k, n= NS ( v }: = , T= ;
5 3 % .
kz 2 }{2’ = k:-‘. ka.
a=0, b= E"EJ c= ‘32 , d=0, fz;g_J l:?z_l
3k2 3k2 33 4
m= 5 n= 5 p= 52 ; q=3}{J r=—g gzkz_kzs—sa—ﬂ
as 2as a{kz+252} %2 +als i3
b=—3r e=— d=2a, f= o 9= =7,
3k2 3k2 3k3 i
m= 5 ' n= g’ pP= 52 ! q=3k1 7"=Eg, ké_ﬂzkzs—azsgzﬂ;
b= k(-agk+k®+a®s+s®) _ 2k(gk-zas) d=2
N S{Qk—ﬂﬁ'] r E= 52 L =<4,
k2(zgk—32as) k3 3k2 g2 213
f:_—ﬁ"-,'_’ 'r’:?;": m:_.'i‘ , ?‘1:—5 , p:TS \

e
q=3k, r=_ geki—2agks—k?s+a?s?—s3=0.

Theorems 3 and 4 from Sections 1V and V can be proved similarly as Theorem 2.
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