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Abstract. In this article, we classified the cubic differential systems with a non-degenerate monodromic 

critical point and multiple line at infinity. We show that there are 5 distinct classes (respectively, 10, 6, 6) of 

such systems wich have the line at infinity of multiplicity 2 (respectively, 3, 4, 5).   

 

JEL classification: C 02 

UDC: 517.2 

 

I. Introduction 

     We consider diferential cubic systems of the form 

 

(1) 

and the vector fields  assosiated to systems (1). 

     For (1) the origin  is a non-degenerate critical point of a center or a focus type, i.e. is 

monodromic.     

     Denote  If 

 then the infinity is degenerate for (1), i.e. it consists only from critical points. In this 

work we suppose that   

     Let  are the homogenization of the polynomials  

respectively, i.e.  

 

and . Assume that the line at infinity  is not full of critical 

points. We say that  has multiplicity  if 𝑚 is the greatest positive integer such that  

divides    The polynomial  has the form 

+  

where are polynomials in  and  If , then is the 

multiplicity of the line at infinity.  

 

II. Cubic systems (1) with the line at infinity of multiplicity two 
     

 Theorem 1. The line at infinity  has the multiplicity at least two for system (1) if and 

only if one of the following five sets of conditions holds:   
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                                     (2z1)    

                                                  (2z2) 

                                         (2z3) 

                                        (2z4) 

l = rs/k, n = ps/k, q= ms/k.                                               (2z5) 
 

Proof. We have  where 

 It is easy to show that the identity  gives us the sets of conditions (2z1)-(2z5).   

 
III. Cubic systems (1) with the line at infinity of multiplicity three 

     

Remark 1. The transformation  preserve the form of the system (1) 

and change the coefficients in the following way:  

     Let  be a set of conditions. Denote   

. 

Theorem 2. Modulo the transformations , the line at infinity  

has the multiplicity at least three for system (1) if and only if one of the following ten sets of conditions 

holds:   

                                                  (3z1)  

   

                                        (3z2) 

 

                                                     (3z3) 

 

                                  (3z4) 

 

;                     (3z5) 

 

          (3z6)  

   

;           (3z7) 

 

                        (3z8) 

 

                            (3z9) 

 

 

                                    (3z10) 
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Proof.  In each of the conditions  we will solve 

the identity     

Conditions (2z1). Under these conditions the polynomial  has the form 

+alr-dlr-g (f -blr + clr - d ]. Taking into 

account that , the identity  yield: 

 

                                                           (2) 

 

                                                                      (3) 

 

Using transformations , we obtain that the conditions  

(respectively, ) are contained in (  (respectively, in (3z2)). 

    

  Conditions (2z2). In this case we have  and 

  

 

The identity  is realisable if one of the following four sets of conditions 

holds: 

                                                                    (4) 

 

                                                          (5) 

 

                                                         (6) 

 

                                                      (7) 

 

The conditions (4) – (7), together with (2z2), lead us to conditions (3z1)-(3z4), 

respectively. 

      

Conditions (2z3). The polynomials  and  look as:  

 

, ,  

where  

 

2r(c

+anp-dnp-g )x (fn - b - f r+bnpr-cnpr+d r) , and  

 

                                                      (8) 
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                                                                    (9) 

 

                                                    (10) 

 

We have ,   

  and  

.  

      

Conditions (2z4). In this case we find that  

 

  

 

and  

 

,  

 

where  

 

 
.  

 

The identity  gives us the following six sets of conditions: 

                                    (11) 

            (12) 

                                  (13) 

                                               (14) 

                                              (15) 

                                                  (16) 

 

It is easy to show that  and , 

, , . 

      

Conditions (2z5). Under this conditions the polynomials  and  look as: 

 , ,  

where  
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 If  and  then one of the following two sets of equalities holds: 

 

                                                 (17) 

              (18) 

 

The conditions (17) and (18) toghether with (2z5) give us the conditions (3z9) and (3z10), 

respectively.  

 

IV. Cubic systems (1) with the line at infinity of multiplicity four 

 

Theorem 3. Modulo the transformations , the line at infinity  has the 

multiplicity at least four for system (1) if and only if one of the following six sets of conditions holds:   

 

                          (4z1)    

 

                                  (4z2) 

 

          (4z3) 

 

                     (4z4) 

 

                             (4z5) 

 

 

              (4z6)        
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V. Cubic systems (1) with the line at infinity of multiplicity five 

 
Theorem 4. In the class of cubic systems of the form (1) the maximal multiplicity of the line at infinity 

 is 5. Modulo the transformations , the line  has the multiplicity 

five for (1) if and only if one of the following six sets of conditions holds:   

 

                          (5z1) 

 

                          (5z2) 

                   (5z3) 

 

               (5z4) 

 

             (5z5) 

 

                              (5z6) 

 
     Theorems 3 and 4 from Sections IV and V can be proved similarly as Theorem 2. 
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